Abstract. Given 2 ≤ n ≤ ∞, we construct a concrete 1-parameter family of orbit inequivalent actions of F n . These actions arise as diagonal products between a generalized Bernoulli action and the action F n (T 2 , λ 2 ), where F n is seen as a subgroup of SL(2, Z).
INTRODUCTION.
Two measure preserving actions Γ (X, µ), Λ (Y, ν) of two countable discrete groups on two standard probability spaces are called orbit equivalent if there exists an isomorphism θ : (X, µ) ≃ (Y, ν) such that θ(Γx) = Λ(θx) almost everywhere.
The first result in orbit equivalence is due to Dye ([Dy]): any two free, ergodic, measure preserving actions of Z and of ⊕ i∈N Z 2 respectively are orbit equivalent. Ornstein and Weiss extended Dye's theorem by proving the striking result that orbit equivalence cannot distinguish among amenable groups: any two free, ergodic, measure preserving actions of any two amenable groups are orbit equivalent ([OW1] ). On the other hand, any non-amenable group admits at least two non-orbit equivalent actions ( [CW] , [Sc] , [Hj] ).
In the case of free groups (F n , 2 ≤ n ≤ ∞), Gaboriau and Popa showed the existence of uncountably many non orbit equivalent actions ( [GaPo] ). To prove this result they use the fact that if F n is seen as a subgroup of SL(2, Z), then the action F n σ (T 2 , λ 2 ) has the property that the induced Cartan subalgebra inclusion L ∞ (T 2 , λ 2 ) ⊂ L ∞ (T 2 , λ 2 ) ⋊ σ F n is rigid, in the sense of Popa ([Po1] ). The aim of this paper is to give a construction of an uncountable family of nonorbit equivalent actions for F n . To this end, we consider diagonal product actions ρ × σ, where ρ is a generalized Bernoulli action F n n∈Z (X ρ , µ ρ ) n , associated to a quotient map π : F n → Z. Note that such a product action has two quotient actions, which induce hyperfinite and respectively rigid equivalence relations. This observation enables us to show that if ρ 1 , ρ 2 are generalized Bernoulli actions as above and if ρ 1 × σ is orbit equivalent to ρ 2 × σ, then a quotient of ρ 1 is isomorphic (as actions of Z) to the restriction of ρ 2 to a subgroup of Z (Theorem 2.1.). In particular, it follows that ρ 1 and ρ 2 must have equal entropy, thus Bernoulli actions ρ i of different entropy give rise to non equivalent actions ρ i × σ. Since our construction only uses the existence of a rigid action for F n with strong ergodicity properties and the fact that entropy provides a way to distinguish between Bernoulli actions, we prove the following more general:
Typeset by A M S-T E X Theorem. Let Γ be a countable discrete group and assume that (i) Γ has an infinite amenable quotient ∆.
(ii) ∆ has no non-trivial finite normal subgroup.
(iii) Γ admits a free, strongly ergodic, weakly mixing, rigid action Γ σ (Y, ν).
For p ∈ (0, 1) define the probability space (X p , µ p ) = g∈∆ ({0, 1}, µ) g , where µ({0}) = p, µ({1}) = 1 − p. Let Γ β p (X p , µ p ) be the generalized Bernoulli shift action associated to the quotient map π : Γ → ∆ and let
Then {α p } p∈(0,1/2] is a family of free, ergodic, non-orbit equivalent actions of Γ.
PRELIMINARIES.
Conventions: All the groups Γ that we consider below are countable discrete, all probability (X, µ) spaces are standard (unless specified otherwise) and all actions Γ (X, µ) are assumed measure preserving. We will denote by L ∞ (X, µ) the algebra of essentially bounded measurable functions f : X → C. Subsequently, we will denote the probability space and the corresponding L ∞ algebra by X and respectively L ∞ X, forgetting about the measure µ once we have specified it.
Orbit equivalence and 1-cocycles.
Let Γ (X, µ) and Λ (Y, ν) be two free orbit equivalent actions and let θ : (X, µ) → (Y, ν) be an isomorphism implementing the orbit equivalence. For every γ ∈ Γ and x ∈ X, denote by w(γ, x) the unique element of Λ such that θ(γx) = w(γ, x)θ(x). The map w : Γ × X → Λ is measurable, satisfies
almost everywhere x ∈ X and is called the Zimmer 1-cocycle associated to θ. In general, a measurable map w : Γ × X → Λ satisfying the above relation is called a Λ-valued 1-cocycle for the action Γ (X, µ). Two 1-cocycles w 1 , w 2 : Γ × X → Λ are said to be cohomologous (we write w 1 ∼ w 2 ) if there exists a measurable map φ : X → Λ such that
for all γ ∈ Γ and almost everywhere x ∈ X.
1.2. The group measure space construction. Let Γ (X, µ) be a measure preserving action of a countable group Γ on a standard probability space (X, µ). Let α : Γ → Aut(L ∞ X, dµ) be the induced integral preserving action given by
, γ ∈ Γ and x ∈ X. Consider the Hilbert space H = L 2 X⊗l 2 Γ and let L ∞ X and Γ act on H in the following way:
The group measure space construction associated to the action Γ (X, µ) is defined as the von Neumann algebra generated by L ∞ X and {u γ |γ ∈ Γ} and is denoted L ∞ X ⋊ α Γ ( [MvN] ). An element x ∈ L ∞ X ⋊ α Γ can be uniquely written as x = γ∈Γ a γ u γ , where
Cartan subalgebra, i.e. is maximal abelian and regular. Following [FM] , two free ergodic measure preserving actions Γ (X, µ) and Λ (Y, ν) on standard probability spaces are orbit equivalent if and only if the corresponding Cartan subalgebra inclusions are 
is a rigid inclusion of von Neumann algebras. With this terminology the action of SL(2, Z), or of any non-amenable subgroup Γ, on (T 2 , λ 2 ) is rigid ([Po1] ). Also, by the above remark, if Γ (Y, ν) is another action, and on (
1.4. Bernoulli actions. Let Γ be a countable group, K be a countable set on which Γ (e.g. K = Γ/Γ 0 for some subgroup Γ 0 of Γ) acts and let (X, µ) be a probability space.
If K = Γ with Γ acting on itself by left multiplication then we will call such an action a Bernoulli action; for a general action Γ K, we will use the terminology generalized Bernoulli action. The following result is a consequence of Lemma 2.4. and Corollary 3.7. in [Io] .
Popa's criterion for untwisting cocycles.
An action Γ (X, µ) is called weakly mixing if for every measurable sets A 1 , A 2 , .., A n ⊂ X and every ε > 0, we can find
Theorem [Po4] . Let Γ (X, µ) be a weakly mixing action and let Γ (Y, ν) be another action. Let V be a countable group and let w :
Then w is equivalent to a V-valued cocycle which is independent on the X-variable.
Strongly ergodic actions.
A measure preserving action Γ (X, µ) is strongly ergodic for every mesurable sets A n ⊂ X such that lim n→∞ µ(A n ∆γA n ) = 0 for all γ ∈ Γ we have that lim n→∞ µ(A n )(1−µ(A n )) = 0. If we consider the action of SL(2, Z) on (T 2 , λ 2 ) then by Lemma 1.6.4. in [Po3] , its restriction to any non-amenable subgroup Γ ⊂ SL(2, Z) is strongly ergodic.
Let ω be a free ultrafilter on N and define the ultraproduct algebra (
Lemma. Let Γ be a countable discrete group and ∆ = Γ/Γ 0 be an amenable quotient of Γ. Let Γ (X, µ) be a strongly ergodic action and let
Proof. We first claim that the action Γ 0 (X, µ) is also strongly ergodic. If we assume the contrary, then
Since Γ 0 ⊂ Γ is a normal subgroup Γ acts on A and this action quotients to an action of ∆. Since ∆ is an amenable group, any action of it on an abelian von Neumann algebra is not strongly ergodic (
, or equivalently that the action Γ (X, µ) is not strongly ergodic, a contradiction. Next, note that is sufficient to prove the conclusion of the lemma for x n = χ A n , where A n ⊂ X × Y are measurable sets, for all n ≥ 0; for every n and y ∈ Y , denote A y n = {x ∈ X|(x, y) ∈ A n }. Since Γ 0 acts trivially on Y we have that
As by our assumption we have that
then by eventually passing to a subsequence, we may assume that
2. MAIN RESULT.
2.1. Theorem. Let Γ, Λ be two countable discrete groups and suppose that: (i). ∆ = Γ/Γ 0 and Σ = Λ/Λ 0 are infinite amenable quotients of Γ and Λ, respectively.
(
free, weakly mixing, strongly ergodic action. Assume that the diagonal product actions
be the measure space isomorphism implementing the orbit equivalence. Since Γ(ρ(y 1 , y 2 )) = ρ(Λ(y 1 , y 2 )), almost everywhere, we get that
for all λ ∈ Λ and almost everywhere (y 1 , y 2 ) ∈ Y 1 × Y 2 and for some measurable 1-cocycle w :
Note that ρ induces an isomorphism ρ * :
; since ρ implements an orbit equivalence, by [FM] , ρ * extends to an isomorphism of the associated group measure space constructions
Proof of Part 1. Since ∆ is amenable and acts ergodically on X 1 , by [OW1] we get that
Assuming the contrary, then for all n ≥ 0 we can find
Since the action Λ Y 2 is strongly ergodic, Lemma 1.6. implies that lim n→∞ ||ρ
Using the claim and Lemma 1.7., we get that there exists a positive measure set
Next, note that we can find
Combining this with the above inclusion, we get that
for all j = 1, .., 2 n . Since there exists j such that S 1 = ρ −1 (T j ) ∩ S = 0, we get the conclusion.
Part 2. There exist a measurable set S
Proof of Part 2. Since the action Γ (X 2 , µ 2 ) is rigid, we have that Po1] ). Using the fact that Λ Y 1 is a generalized Bernoulli action and that ρ
, Proposition 1.4. gives the conclusion.
Next, we go back to the probability space level and derive the corresponding conclusions of Part 1 and 2.
Part 3. ρ 1 (y 1 , y 2 ) = ρ 1 (y 1 , y ′ 2 ), a.e. (y 1 , y 2 ), (y 1 , y ′ 2 ) ∈ S 1 and ρ 2 (y 1 , y 2 ) = ρ 2 (y ′ 1 , y 2 ), a.e. (y 1 , y 2 ), (y ′ 1 , y 2 ) ∈ S 2 . This part follows directly from parts 1 and 2 and the next lemma.
Lemma. Let ρ : Y 1 × Y 2 → X be a measure preserving map and denote by
Proof of lemma. We identify (X, µ) ≃ ([0, 1], µ Lebesque ). Now, given y 1 ∈ Y 1 define S y 1 = {y 2 ∈ Y 2 |(y 1 , y 2 ) ∈ S} and ρ y 1 : S y 1 → X given by ρ y 1 (y 2 ) = ρ(y 1 , y 2 ). Also, let S ′ = {y 1 |µ 2 (S y 1 ) > 0} and define ρ, ρ : S ′ → X by ρ(y 1 ) = ess− sup ρ y 1 and ρ(y 1 ) =ess− inf ρ y 1 , for all y 1 ∈ S ′ . Remark that ρ, ρ are measurable functions and that the conclusion is equivalent to ρ = ρ. If ρ = ρ, then we can find S ′′ ⊂ S ′ measurable with ν 1 (S ′′ ) > 0 and c 1 < c < c 2 ∈ [0, 1] = X such that ρ(y 1 ) ≤ c 1 < c < c 2 ≤ ρ(y 1 ), ∀y 1 ∈ S ′′ .
By the hypothesis we have that for all
2 ) ∈ S y 1 × S y 1 . This would imply that a.e. y 1 ∈ S ′ we have that either ρ(y 1 , y 2 ) < c < c 2 a.e. y 2 ∈ S y 1 or ρ(y 1 , y 2 ) > c > c 1 a.e. y 2 ∈ S y 1 , a contradiction with last paragraph's inequality.
Part 4. ρ 1 (y 1 , y 2 ) ∈ Γρ 1 (y 1 , y ′ 2 ) and ρ 2 (y 1 , y 2 ) ∈ Γρ 2 (y ′ 1 , y 2 ), a.e. (y 1 , y
Proof of Part 4. Since S 1 is measurable and of positive measure it follows that 
, there exists λ ∈ Λ such that (λy 1 , λy 2 , λy ′ 2 ) ∈ S 1 , hence by Part 3 we get that ρ 1 (λy 1 , λy 2 ) = ρ 1 (λy 1 , λy ′ 2 ). Since ρ 1 (λy 1 , λy 2 ) ∈ Γρ 1 (y 1 , y 2 ) and ρ 1 (λy 1 , λy ′ 2 ) ∈ Γρ 1 (y 1 , y ′ 2 ), it follows that Γρ 1 (y 1 , y 2 ) = Γρ 1 (y 1 , y ′ 2 ), which proves the claim of Part 4 for ρ 1 ; for ρ 2 , the same proof applies. 
Proof of Part 5. Following Part 4 there exists a measurable map φ 2 :
Combining this with relaton (b) above and using the fact that Γ acts freely on X 2 , we deduce that
Since the action Λ Y 1 is weakly mixing, we can apply Popa's theorem on untwisting cocycles (Theorem 1.5.), to get a 1-cocycle w 2 : Λ × Y 2 → Γ and a measurable function φ : Y 1 × Y 2 → Γ such that w(λ, (y 1 , y 2 )) = φ(λy 1 , λy 2 )w 2 (λ, y 2 )φ(y 1 , y 2 ) −1 , for all λ ∈ Λ and a.e. (y 1 , y 2 ) ∈ Y 1 × Y 2 . This further implies that
almost everywhere, for i = 1, 2. Next, recall that by Part 3 the setS 2 = {(y 1 , y
, y 2 )} has positive measure. Since the function φ takes only countable many values, we deduce that the set
also has positive measure. Now, identity (d) for i = 2 implies that λT = T, for all λ ∈ Λ, where Λ acts on Y 1 × Y 1 × Y 2 diagonally. Since this action is ergodic and T has positive measure, we get that T = Y 1 × Y 1 × Y 2 , almost everywhere, thus getting the conclusion.
Part 6. There exists ψ : Y 1 × Y 2 → Γ a measurable map, a group morphism δ : Λ → ∆ and a 1-cocyclew 2 : Λ × Y 2 → Γ for the action Λ Y 2 such that the map ̺ = ψρ : Y 1 × Y 2 → X 1 × X 2 is of the form ̺ = (̺ 1 , ̺ 2 ), where ̺ i : Y i → X i are measurable and satisfy
for all λ ∈ Λ and a.e. (y 1 ,
Proof of Part 6. Now, we just repeat the arguments in Part 5 with the appropriate changes. Using Part 4 and Part 5, we have thatρ 1 (y 1 , y 2 ) ∈ Γρ 1 (y 1 , y
the quotient map, then by using relation (c) and the fact that since ∆ acts freely on X 1 , we get that
Using the weak mixingness of the action Λ Y 2 and Theorem 1.5. again we deduce that there exists a measurable function ψ : Y 2 → Γ and a group morphism δ : Λ → ∆ such that
Finally, the same argument as in Part 6 shows that ̺ 1 depends only on y 1 ∈ Y 1 .
Part 7.̺ 1 (Y 1 ) = X 1 and δ quotients to a group morphism δ ′ : Σ → ∆ with Σ 0 =Ker(δ ′ ) finite.
Proof of Part 7. We first prove that Λ 0 ⊂ Ker(δ). Using the freeness of the action ∆ X 1 , we deduce that there exists A ⊂ X 1 measurable such that µ 1 (A) = 1 and if γ ∈ ∆, x ∈ A then γx = x =⇒ γ = e. On the other hand, if λ ∈ Λ 0 , then by relation (e), δ(λ 0 ) stabilizes ̺ 1 (y 1 ), for all y 1 ∈ Y 1 . Thus, to show that δ(λ 0 ) = e it suffices to prove that ̺ 1 (Y 1 ) is measurable and µ 1 (̺ 1 (Y 1 )) > 0.
Since
and since ρ is a measure preserving isomorphism we conclude that ̺ i (Y i ) are measurable and µ i (̺ i (Y i )) > 0, i = 1, 2. Thus Λ 0 ⊂ Ker(δ), hence δ quotients to a morphism δ ′ : Σ → ∆. Next, we show that Ker(δ ′ ) ⊂ Σ is finite. Let A ⊂ X 1 be a measurable set such that µ 1 (A) = 0. Since
. Using the relation (e) we have that any 
is a measure preserving isomorphism. This in turn implies that ̺ i |Z i : Z i → ̺ i (Z i ) scales the measure, i.e. there exists scaling constants c = c 1 , c 2 > 0 such that
Using the relation (e) we get that ̺ 1 |λZ 1 : λZ 1 → ̺ 1 (λZ 1 ) is 1-1 and scales the measure with the same scaling constant, for all λ ∈ Σ. The conclusion now follows since by the ergodicity of the action Σ (Y 1 , ν 1 ) we have that Y 1 = ∪ λ∈Σ λZ 1 a.e.
Note that Part 8 implies in particular that ̺ 1 c-scales the measure on every set on which is 1-1.
Part 9. There exists n ≥ 1 and a measurable partition
is a measure preserving isomorphism, for all k = 1, .., n.
Proof of Part 9. From relation (e), we deduce that the function
is measurable and Σ-invariant. Using the ergodicity of the action Σ (Y 1 , ν 1 ), it follows that there exists 1 ≤ n ≤ ∞ such that
The measure space isomorphism follows now directly from Part 8.
We are left to show that n = ∞ leads to a contradiction. Indeed, let Z 1 ⊂ Y 1 be a measurable set such that ̺ 1 |Z 1 is injective. Since |{y 1 ∈ Y 1 |̺ 1 (y 1 ) = ̺ 1 (z 1 )}| = ∞ a.e. z 1 ∈ Z 1 by applying a measurable selection theorem, we can find f p :
Now, using Part 8 and the fact that ̺ 1 |f p (Z 1 ) is injective, we get that
Finally, since {f p (Z 1 )} p≥1 are mutually disjoint and have the same measure, we get a contradiction.
To end the proof, we define A ⊂ L ∞ Y 1 to be the von Neumann subalgebra of function f ∈ L ∞ Y 1 which satisfy
It is routine to check that ̺ 1 * : L ∞ X 1 → A is an isomorphism of von Neumann algebras which conjugates the actions
Before stating the next Corollary, we recall a few facts about entropy (see [Pe] , [OW2] for a reference). Given a m.p. action G σ (X, µ) of an amenable group G on a standard probability space (X, µ) (seen equivalently as an action of G on the von Neumann algebra
Let (X 0 , µ 0 ) be a probability space and let G g∈G (X 0 , µ 0 ) g be the Bernoulli shift action. If n ∈ N, p = (p 1 , p 2 , .., p n ) is an n-tuple of positive numbers with sum 1 and (X 0 , µ 0 ) is the probability space given by X 0 = {1, 2, .., n} and µ 0 (i) = p i , then h(σ) = − n i=1 p i log 2 (p i ). If (X 0 , µ 0 ) is a non-atomic probability space then σ has entropy equal to +∞. In the first case we denote by (X p , µ p ) the probability space g∈G (X 0 , µ 0 ) g and by σ p the Bernoulli shift action. Note that if H ⊂ G be a subgroup then σ p |H is a Bernoulli shift action with the base ĝ∈G/H (X 0 , µ 0 )ĝ. Thus, using the above remarks, we have that h(σ p |H ) = |G/H|h(σ p ).
2.3. Corollary. Let Γ be a group and assume that (i) Γ has an infinite amenable quotient ∆.
(iii) Γ has an action σ on standard probability space (Y, ν) which is free, rigid, weakly mixing and strongly ergodic.
For every n and for every n-tuple p = (p 1 , p 2 , .., p n ) let α p be the diagonal product action of Γ on (X p × Y, µ p × ν) given by α p (γ) = (σ p • π)(γ) × σ(γ), for all γ ∈ Γ, where π : Γ → ∆ is a surjective homomorphism.
If α p is orbit equivalent to α q then h(σ p ) = h(σ q ). In particular, {α (β,1−β) } β∈(0,1/2] gives an uncountable family of non-orbit equivalent action of Γ.
Proof. Assume that α p and α q are orbit equivalent and suppose by contradiction that h(σ p ) < h(σ q ). By applying Theorem 2.1. we get that there exists ∆ ′ ⊂ ∆ an infinite subgroup and A ⊂ L ∞ (X p ) a ∆-invariant von Neumann subalgebra such that the actions ∆ σ p A and ∆ ′ σ q L ∞ (X q ) are conjugate. Thus h(σ p ) ≥ h(σ p |A ) = h(σ q |∆ ′ ) = |∆/∆ ′ |h(σ q ) ≥ h(σ q ), a contradiction.
Final remarks. (a)
. Since the action F n (T 2 , λ 2 ) is free, weakly mixing, strongly ergodic and rigid and since F n admits Z as a quotient, Corollary 2.3. gives a concrete family on non orbit equivalent action for F n for all 2 ≤ n ≤ ∞.
(b). In the context from Corollary 2.3., denote M p = L ∞ (X p × Y ) ⋊ α p Γ and assume that Γ also has Haagerup's property (e.g. Γ = F n , 2 ≤ n ≤ ∞). Then M p is a II 1 factor in Popa' HT class with L ∞ (X p × Y ) being its unique (up to unitarily conjugacy) HT Cartan subalgebra ([Po1] ). Thus, Corollary 2.3. implies that M p is not isomorphic to M q , whenever h(T p ) = h(T q ).
(c). If Γ is a group satisfying the hypothesis of Corollary 2.3. and Λ is an arbitrary group, then Γ * Λ also satisfies it. Indeed, by [IPP] , if σ : Γ (X, µ) is a free, ergodic action, then there exists a free actionσ : Γ * Λ (X, µ) such thatσ |Γ = σ.
